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Abstract 

In this article we take into consideration the evolution model of 3-level quantum systems 
known as laser cooling. The evolution in this model is given by an equation which is a special 
case of the general Kossakowski-Lindblad master equation. The explicit knowledge about the 
evolution makes it possible to apply the stroboscopic tomography to laser cooling. In this 
article we present some remarks concerning the minimal number of observables and moments of 
measurement for quantum tomography in laser cooling. 


1 Introduction 

By the term quantum tomography one understands a wide variety of methods which aim to 
reconstruct an accurate representation of a quantum system by taking a series of measurements. 
One of the most fundamental models of quantum tomography, the so-called static tomography 
model, enables to reconstruct the density matrix of a quantum system provided one can measure 
N 2 — 1 distinct observables (where N = dimH). This approach can be found in many papers and 
books, such as [DM- a completely new approach to quantum tomography originated in 2011 
in the paper [4] , where it was shown that a wave function can be obtained directly if one employs 
the idea of weak masurement. Later, it was proved that this approach can be generalized so that 
it can also be applied to mixed states identification [5]. 

The most important property that all tomography models should possess is practicability, 
which means that a theoretical model can be in the future implemented in an experiment. 
Therefore, in this article we employ the stroboscopic approach to quantum tomography, which 
for the first time appeared in [6] and then it was developed in other research papers such as [7] 
and [8]. One can also look up a very well-written review paper[9]. Recently some new ideas 
concerning the stroboscopic approach has been presented in [ID] . 

The stroboscopic tomography concentrates on determining the optimal criteria for quantum 
tomography of open quantum systems. The data for reconstruction is provided by mean values of 
some hermitian operators {Qi,... ,Q P }, where obviously Qi = Q*. The underlying assumption 
behind this approach claims that if one has the knowledge about the evolution of the system, 
each observable can be measured a certain number of times at different instants. Although there 
are many possible aspects concerning this problem, in this article we are mainly interested in 
the minimal number of distinct observables and moments of measurement required for quantum 
tomography. One can recall the theorem concerning the miniaml number of observables [71. 
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Theorem 1.1. For a quantum system with dynamics given by a master equation of the form 

P = Lp (1) 

one can calculate the minimal number of distinct observables for quantum tomography from the 
formula 

r] := max {dimKerfL, — AI)}, (2) 

AE<t(L) 

which means that for every generator L there exists a set of observables {Qi, ..., Q v } such that 
their expectation values determine the initial density matrix. Consequetly, they also determine 
the complete trajectory of the state. 

The operator L that appears in the equation 0 shall be called the generator of evolution. 
The number rj is usually refered to as the index of cyclicity of a quantum system. 

One can also recall the theorem on the upper limit of moments of measurement [5]. 

Theorem 1.2. In order to reconstruct the density matrix of an open quantum system the number 
of times that each observable from the set {Qi, ..., Q v } should be measured (denoted by Mi for 

1 = 1,... ,rj) fulfills the inequality 

Mi<ii(X, L), (3) 

where by p(A,L) one denotes the degree of the minimal polynomial of L. 

The above theorem gives the upper boundary concerning the number of measurements of 
each distinct observable. Naturally, another problem relates to the choice of the time instants. 
Some considerations about this issue can be found in [S|. 

The knowledge about the stroboscopic tomography shall be applied in the next chapter to 
the evolution model known as laser cooling. 

2 Quantum tomography in laser cooling - initial results 

An example often studied in the area of laser spectroscopy is a quantum system subject to laser 
cooling with three energy levels ( dimH = 3). The evolution of the density matrix of such a three 
level system is given by 

^ = -i[H(t), p) + 7i (e iP EI - p}) + 72 (e 2P E* 2 - \{E*E 2l p}) , (4) 

where E\ = |1) (2| and E 2 = |3) (2|. 

For simplicity it will be assumed that 


ll> = 

'1' 

0 

|2> = 

'O' 

1 

|3> = 

'O' 

0 


0 


0 
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Moreover in this analysis we take H(t) = [0], where [0] denotes a 3—dimensional matrix with 
all entries equal 0. This assumption means that we shall analyze only the Lindbladian part of 
the equation of evolution. 

Based on vectorization theory m the quantum Liouvillc operator of the system with dy¬ 
namics given by © can be explicitly expressed as 

+ 72 ^2 <g> E 2 - i(I <g> EjE 2 + ElE 2 ® I) 

( 6 ) 


L = 7i 2?i 


• Ed - -(lOEfEi + Ef Ei <g> II) 
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Taking into account the assumptions ([5]) the matrix form of the quantum generator L can be 
obtained 


L = 


-5(71+72) 0 


0 

0 

0 

- 5(71 + 72 ) 
0 
0 
0 
0 
0 


71 

0 

0 

0 

-(71 + 72 ) 
0 
0 
0 

72 


0 

0 

0 

0 

0 

- 5(71 + 
0 
0 
0 


0 

0 

0 

0 

0 

72 ) 0 
0 
0 
0 


0 
0 
0 
0 
0 
0 
0 

- 5 ( 71 + 72 ) 0 


0 


0 


(7) 


Having the explicit form of quantum generator L one can easily calculate its eigenvalues 
cr(L) = {0,0,0,0 ,-(71 + 72),-^(71 + 72 ), “(71 + 72),-^(71 + 72 ), "(71 + 72 )}- (8) 


Since in this case the operator L is not self-adjoint, the algebraic multiplicity of an eigenvalue 
does not have to be equal to its geometric multiplicity. But one can qucikly determine that there 
are four linearly independent eigenvectors that correspond to the eigenvalue 0. Therefore we can 
find the index of cyclicity for the operator in question 


max {dimKer{h — XI)} = 4, (9) 

A£cr(]L) 

which means that we need at least four distinct observables to perform quantum tomography on 
the analyzed system. One can instantly notice that if the static approach was applied to laser 
cooling, one would have to measure 8 distinct observables. If one thinks of potential applications 
in experiments, then this result means that one would have to prepare 4 diffeent experimental 
set-ups instead of 8. This observation suggest that the stroboscopic approach has an obvious 
advantage over the static approach. 

The next issue that we are interested in is the minimal polynomial for operator L. Assuming 
that this polynomial has the form 

+ ^ 2 +^ + diL -(- dgl = 0, (10) 


one can get 
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d 3 = 1, d 2 = -(71 + 72 ), di = ( 7 i + 72 ) 2 , d 0 = 0. (11) 

Thus we see that /.1 = deg /x(A,L) = 3. This means that each obsrvable should be mea¬ 
sured at most at three different time instants. Thus one can conclude that the total number of 
measurements for quantum tomography in laser cooling cannot exceed 12. 

Having found these results we can conclude that in order to reconstruct the density matrix 
of the system in question we need 4 observables Qi, Q 2 , Q 3 , Q 4 that fulfill the condition [9] 
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0A'3 (L,g i ) = B*(H), ( 12 ) 

2=0 

where by Ks( L, Qi) one should understand a Krylov subspace which is expressed as 


K 3 (L,Qi) = {Q il L*Q i , (L*) 2 Qj}. (13) 

The equation (11^1) gives the necessary condition that the set of observables {Q\,...,Q±} 
needs to fulfill in order for one to be able to perform quantum tomography in laser cooling. This 
condition can be used to determine the explicit forms of these observables. 
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3 Summary 

In this paper we presented some remarks concerning quantum tomography in laser cooling. The 
stroboscopic approach was applied to determine to optimal criteria for quantum observability. 
The results shall be developed in next paper towards the complete quantum tomography model 
for laser cooling. 


References 

[1] Altepeter J. B., James D. F. V., Kwiat P. G.: 4 Qubit Quantum State Tomography. In: 

Paris, M. G. A., Rehacek, J. (eds.) Quantum State Estimation, pp. 111-145. Springer, Berlin 
(2004). 

[2] Alicki R., Lendi K.: Quantum Dynamical Semigroups and Applications, Springer, Berlin 
(1987). 

[3] Kimura G.: The Bloch vector for N-level systems. Phys. Lett. A 314, 339-349 (2003). 

[4] Lundeen J. S., Sutherland B., Patel A., Stewart C., Bamber C.: Direct measurement of the 
quantum wavefunction. Nature 474, 188 (2011). 

[5] Wu S.: State tomography via weak masurements. Scientific reports 3, 1193 (2013). 

[6] Jamiolkowski A.: The minimal Number of Operators for Observability of N-level Quantum 
Systems. Int. J. Theor. Phys. 22, 369-376 (1983). 

[7] Jamiolkowski A.: On complete and incomplete sets of observables, the principle of maximum 
entropy - revisited. Rep. Math. Phys. 46, 469-482 (2000). 

[8] Jamiolkowski A.: On a Stroboscopic Approach to Quantum Tomography of Qudits Gov¬ 
erned by Gaussian Semigroups. OSID 11, 63-70 (2004). 

[9] Jamiolkowski A.: Fusion Frames and Dynamics of Open Quantum Sys¬ 

tems, Quantum Optics and Laser Experiments, Dr. Sergiy Lyagushyn (Ed.), 

ISBN: 978-953-307-937-0, InTech, DOI: 10.5772/31317 (2012). Available from: 

http://www.intechopen.com/books/quantum-optics-and-laser-experiments/fusion-frames-and-dynamics-of-open-c 

[10] Czerwinski A.: A new approach to measurement in quantum tomography. arXiv:1504.01326 
(2015). 

[11] Henderson, H. V., Searle, S. R.: The vec-permutation matrix, the vec operator and Kro- 
necker products: A review. Linear and Multilinear A. 9 , 271-288 (1981). 


4 


